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ABSTRACT

Weighting tables are used for calculating CIE tristimulus values. In this paper, firstly, it was
found that the optimum weights satisfy an overdetermined linear system of equations. Secondly, the
least squares method is considered for solving the linear system and the least squares solution can be
obtained by solving a tri-diagonal, symmetric and positive definite linear system of equations. Finally,
comparisons between the weighting tables computed by the proposed method and other weighting
tables such as ASTM Intl. Table 5, and optimum weighting tables by Li et al’s are given. The results
clearly show that the newly developed weighting tables perform equally well or better than the other
types of weighting tables for 10nm interval. While for the 20nm interval, the optimum weighting table
given by Li et al is still the best

1. INTRODUCTION

It is often required by industry that weights (weighting table) W}ﬁi) are prepared in advance

and tristimulus values can be directly computed using the measured reflectance values Rr; at AAnm
interval (see equation (1)).

il n '
v =y wiPR,
=0

with V=X, Yand Z (1)

A

where W,Ey“) depends on the spectral power distribution (SPD) and the CIE colour matching functions

(CMF) used. The CIE has never provided guidelines to calculate weighting tables, and various
discrepant methods have been used. Hence it is possible to obtain significantly different tristimulus
values from the same set of spectral data. The differences are normally quite small, but can sometimes
be significant (over 1 CIELAB AE units) and introduce errors that are completely avoidable. For
overcoming this problem, the ASTM Intl. ' has published two sets of weighting tables known as Table
5 and Table 6 respectively. However in practice, the illuminant required may be different from the
standard and users have to prepare their own weighting tables corresponding to the illuminant actually
used. ASTM Intl. E2022-99 * provided a standard calculation method to generate weighting tables of
Table 5 for a non-standard illuminant. Recently, a direct method * is given for generating the optimum
weighting tables. Numerical comparisons showed that the optimum weighting table is more accurate
than both ASTM Intl. weighting tables. This paper describes a new method for computing the
optimum weights referred as the least squares weights (weighting table). Its performance is
compared with other existed weighting tables.

2. THE NEW METHOD

Ideally, the weights %" should be chosen so that the difference between #* and ¥ defined
by eq. (2) below is as small as possible.

V:klj)S(/I)\_z(/l)R(/l)d/i with v=x, y and z. (2)

a

Here S(A) is the SPD of an illuminant, x(1),3(1),z(4)are the CIE standard colour matching
functions (CMF), and R(1)is the reflectance function of the colour. (a,b) is the visible range of
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wavelengths and recently CIE * recommended that a = 380nm and b = 780nm, and k is the
normalizing factor. Note that R, satisfy *°
b
R} = [ P,()R(A)dA 3)

a

where P(4)is the instrumental (spectral bandpass) function and has a triangular shape with a half-
height equal to the wavelength interval. Besides >, it is scaled so that

b

[F(Wdr=1 (4)

Therefore, P.(1)has the expression

(A-2_)IAD?,  when A <A<A
P(A)={(Ay —A)/NAL)?,  when 4, <A< A %)
0, when A< 4,y or A>4;,

Thus the difference between ¥ and ¥ is given by the following:

v -y = lfD(z)R(;t)d,i 6)
where D(1) is given by '
D) =[X BAWEP 1=y (), with W, () = kS()7(2) (7)
Since ”
V' —v = ?D(ﬂ)R(/i)d/l - thl(z)R(z)
a =a, step Inm

therefore, the difference is zero or reasonable small if
D(A)=0, for A=a,a+l,a+2,---,b
or equivalently

SEAWEY =w,(2), for A=a,a+la+2,.b (8)
i=0 ’
Note that eq. (8) is a linear system of equations. It has 401 equations because «=380 nm and
b=780nm. Since A1 is greater than 1mm, the number of the unknowns W}ﬁ“ of the system is much

less than 401. For example, if A1 =10 nm, it has 41 unknowns with »=40 and if A41=20nm, it has 21
unknowns with n = 20 . Thus, the linear system (8) is an overdetermined system of equations ’. It may
have no solution in the normal sense. However, it ’ always has a least squares solution. If we let

A
Wiy W, (a) g s
(A2) q s
”1(/M): :WV’1 , g = :WV(a+1) , P= )
. . q S
winh W, (b) t
AL 0
- 12 A1) 12 ! t:A_’lzzL (10)
(ADH7 |4 (GO (Ad° Al

then the lest squares solution of the overdetermined linear systems of equations (8) can be obtained by
solving the following tri-diagonal normal equation:

Bul™ =1, (11)
where
q;q TqTS T
qgs g qts's q's
B=P'pP= -, -, , hy=Plg, (12)
q"s  q'q+s"s  q's
qu sTs+1?
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Here the superscript T means the transpose of a vector or matrix. By the definitions of vectors g,s,
and the quantity ¢, it can be shown that
T, _ (AD? =1 7 (AA+DQ2AL+]) T (M-D@RAL-1)

= s , 13
6(A1)° 6(A1)° 6(A1)° (13)
2
qTq+sTs=M)3+l, sTs+t2=qTq (14)
3(AL)

Since the 401x(n+1) matrix P defined by eq. (9) has a full column rank, therefore, the matrix B is
symmetric and positive definite. Thus, the normal equation (11) can be easily solved. In addition, the
coefficient matrix B does not change with the change of ». Note that gy (gy,g,) is the Inm

weights for computing X (Y ,Z). Thus, if we let WY = 43 A7 denote the matrix of the

wanted A1 nm weighting table and w"=[g,,g,,g,] be the matrix of the Inm weighting table,
then we have:
WA = g~ pTy® (15)

Note that the above method for computing the least squares weighting tables is simple and has the
same complexity as the one given by Li et al °.

3. COMPARISON OF DIFFERENT WEIGHTING TABLES

The reflectance functions ® of 1nm interval data measured from 1269 matt Munsell color
chips are used as a standard reflectance set. The 10-nm and 20-nm reflectance function of each
samples was calculated from the standard 1nm reflectance set by assuming an ideal instrument *°. The
Inm SPDs of D65, A, Fgi (broad band fluorescent lamp) and Fy (three band) together with two sets

of CMFs are used. Three types of 10-nm and 20-nm weighting tables were compared under the above
four illuminants and the 1931/1964 CMFs. Type 1 tables were ASTM Intl.Table 5 computed using
the procedure of ASTM Intl. E2022 2. Type 2 tables were those computed by using the method of Li
et al °. Type 3 tables were those derived by this study. They are designated as T5, OP, and LS Tables
respectively.

Note that the ASTM weighting tables of Table 6 is not considered here, since it involves the
Venable weighting table and there is no standard procedure for generating the Venable weighting
tables. Besides, the TS5 table must be used for the reflectance corrected using the Stearns and Stearns
formula. While the OP and LS tables must be used for reflectance without bandpass correction.

Three sets of tristimulus values were obtained by using the 1-nm, 10-nm, and 20-nm
weighting tables and reflectances. The 1nm tristimulus values were taken as standard and were used

to compute the CIELAB colour differences AE,, against the 10-nm and 20-nm tristimulus values. The

median and maximum AE,, were used for measuring the performances of each weighting table. A

smaller colour differences indicate a better performance of the weighting table considered. Since the
colour differences are not normally distributed, the median will generally reflect the average
performance of each table. Besides, we also interest in the maximum colour difference, which is the
worse case when the corresponding weighting table is used. The results at 10 and 20 nm intervals
with the two standard colorimetric observers being combined together are listed in Tables 1 and 2
respectively. The values in bold are the best cases (smallest median or maximumAE,, ) in each

column. From each table and using any of the two measures, it can be seen the T5 table performed the
worst. While for the LS and OP weighting tables, the LS table performed better for the continuous
illuminants for the 10nm table, the opposite is true for the fluorescent illuminants. Generally, they are
competitive for the 10nm weighting table. As for the 20nm weighting table, the OP table performed
better than the LS table in general. Besides, from the 10nm weighting tables, the OP and LS tables
performed slightly better than the TS5 tables. Using any of the three tables, the error introduced is less

than 0.01 AE

*
ab

units for the continuous illuminants and 0.1 units for the fluorescent illuminants. The

maximum error is less than 0.03 AE,, units for the continuous illuminants and 0.5 units for the
fluorescent illuminants. While from 20 nm weighting tables, the OP and LS tables are much better
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than the T5 table. Using T5 tables may introduce errors of 0.15 and 0.5 AE,, units for the continuous
and fluorescent illuminants respectively. The error may be as large as 1.8 AE,, units under the

fluorescent illuminants. Using OP tables may introduce errors of 0.02 and 0.35 AE,, units for the

continuous and fluorescent illuminants respectively. The error may be as large as 0.9 units under the
three band fluorescent illuminants.

4. CONCLUSIONS

A method for computing the Least Squares weighting tables was derived. The method is as
simple as the one given by Li et al °. The results from numerical simulations demonstrated that the
Least Squares weights computed by the newly developed algorithm performed equally well as or
better than the Optimum Table * at 10 nm interval. While for 20-nm weighting tables, the Optimum
Weighting Table is better than the Least Squares Table. In both 10 nm and 20 nm cases, the ASTM
Intl. Table 5 performed the worst.

Median Maximum
D65 A Fap Frp D65 A | N Frg
Table 5 0.0060 | 0.0049 | 0.0164 | 0.0600 | 0.0203 | 0.0164 | 0.1592 | 0.5241

Optimum 0.0019 | 0.0016 | 0.0151 | 0.0512 | 0.0084 | 0.0064 | 0.1449 | 0.4906
Least Squares | 0.0017 | 0.0008 | 0.0159 | 0.0533 | 0.0075 | 0.0035 | 0.1460 | 0.4915

Table 1: Performance of each table at 10nm interval under the combination of the two observers in terms of
Median and Maximum CIELAB colour difference

Median Maximum
D65 A Fgp Frp D65 A | N Frg

Table 5 0.1525 | 0.1433 | 0.2468 | 0.5287 | 0.3256 | 0.2602 | 0.7047 | 1.7632
Optimum 0.0185 | 0.0177 | 0.0825 | 0.3329 | 0.0535 | 0.0414 | 0.3931 | 0.8844
Least Squares | 0.0344 | 0.0435 | 0.0990 | 0.3676 | 0.0559 | 0.0531 | 0.3855 | 0.9755

Table 2: Performance of each table at 20nm interval under the combination of the two observers in terms of
Median and Maximum CIELAB colour difference

References

1. ASTM Intl. E308-95, Standard Method for Computing the Colors of Objects by Using the CIE
System, American Society for Testing and Materials, West Conshohocken, Philadelphia, 1995.

2. ASTM Intl. E2022-99, Standard practice for calculation of weighting factors for tristimulus
integration, in Annual Book of ASTM Intl. Standards, 2001, Section Six, Volume 06.01, pages
985-994.

3. Changjun Li, M R Luo and B Rigg, A New Method for Computing Optimum Weights for
Calculating CIE Tristimulus Values, Colour Research & Application (2004): 29, 91-103.

4. CIE TC1-38 Report, Compatibility of Tabular Spectral Data for Computational Purpose, CIE
TC1-38/84, New Publication, From D, April 2002.

5. Hugh S Fairman, Results of the ASTM Field Test of Tristimulus Weighting Functions, Color Res.
& Appl. 20, 44-49(1995).

6. William H Venable, Accurate Tristimulus Values from Spectral Data, Color Res. & Appl. 14,
260-267(1989).

7. G H Golub and C F Van Loan, Matrix Computations, North Oxford Academic Publishers Ltd,
1986.

8. http://www.it.lut.fi/ip/research/color/database/database.html.

760




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <FEFFd5a5c0c1b41c0020c778c1c40020d488c9c8c7440020c5bbae300020c704d5740020ace0d574c0c1b3c4c7580020c774bbf8c9c0b97c0020c0acc6a9d558c5ec00200050004400460020bb38c11cb97c0020b9ccb4e4b824ba740020c7740020c124c815c7440020c0acc6a9d558c2edc2dcc624002e0020c7740020c124c815c7440020c0acc6a9d558c5ec0020b9ccb4e000200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee563d09ad8625353708d2891cf30028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f003002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c4fbf65bc63d066075217537054c18cea3002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


