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ABSTRACT

From reflected light spectra of Munsell chips j under D65, two matrices, P and W, are extracted
that have the following properties. (1) Their combination reproduces the spectra of light. (2)
P defines a 3-D structure related to the Munsell solid. (3) W defines, in the plane corresponding
to H and C, a curve related to wavelength and Munsell hue circle. (4) These are related to the
perceived principal hue components, R, Y, G, B, in Munsell chips j.

1. SINGULAR VALUE DECOMPOSITION (SVD)

It was shown in a previous article' that reflected light spectra sju of Munsell chips under D65
is represented as the product of two matrices, P (ﬁjy Jand W(w m,) obtained by SVD and a rigid
rotation.

S=(su) ~ $=@;,)=PW’ (1)
=12, ... , 370 (360 color chips (5H varying in V and C) plus 10 grays)
pn=1,2,..... , 231 (wavelength A from 430-660 nm with a step of 1 nm)
Siu = Iju (spectral reflectance of chip j) x e, (relative spectral radiant power of D65) (2)

y=1, 2,3 (orthogonal axes defined by SVD and a rigid rotation).

How closely S reproduces the data S is shown in Fig.5 of another article’. The first column vector

Pl of P represents radiant intensity (Fig.1) whereas the second and third column vectors P2 and
P3 define Hue H, Chroma C, and (51'2, §j3) of all intensity levels in a plane perpendicular to

P (similar to Fig.2). The axes are defined so that P2 places 5R chips at the top of the diagram.
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Fig.2: (H,C) plane tilted 38° tof)l, the
spectral curve W and principal hue axes
superimposed.

Fig. 1: View of P from the direction of P2
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In Fig.1, gray chips are represented on the vertical line (P3 =0) and color chips of same Value V

form a thin layer of dots. These layers are tilted with regard to P1 but almost parallel with an angle of
38°. The tilt of layers of constant V is due to the fact that Munsell V is defined in luminous intensity

Y. We tried SVD analysis with defined as (rj, x e, x ?u) instead of (2). Then, all layers became

almost perpendicular to P1, but the structure of (H, C) configuration in Fig.2 was severely distorted
in the P-region. Hence, we accept the results from s;, = (rj, x €,) as such.

The first column vector w ul of W represents the radiant component in spectrum A (= p) (Fig. 3

in the article'). By the second and third vectors, the spectral curve was first defined on the (F2 ,

f3) plane perpendicular to Pl (430nm on the lower left and 660nm on the upper middle). The unit
of (W n2, W M3) was adjusted so that we could see the spectral curve and the configuration (p i2,

§j3) in the same plot. Then, all the plotted results were vertically projected along Pl toa plane

tilted with 38° . Fig.2 was obtained in this way. From now on, P2 and P3 imply the coordinate
axes in this plane. Notice that the achromatic origin of the configuration is preserved and in Fig.2
the radial distance Pj from the origin to a point j represents Chroma Cj of this Munsell chip.

2. PRINCIPAL HUE COMPONENTS

Based on human assessments of the degree of principal hue o in Munsell colors, Indow’
defined, in the Munsell (H, C) plane, principal hue vectors {fa} that are independent of V (o = 4
(R,Y.G,B), or 5 (R,Y,G,B,P) as in the Munsell Hue notation). It was found that fp is redundant. Four

f’s are introduced in the (H, C) plane of Fig.2. This plane is also independent of V. Symbols to be
used in the following discussion are listed below.

fo, principal hue vectors in (H,C) plane, a =R, Y, G, B
P2, P3 orthogonal coordinate axes in Fig.2, tilted to P1 with an angle of 38°

Eq(h)  coordinates (>0) on fy of A on the spectral curve in Fig.2
R, Y;, Gj, Bj  coordinates (20) of (pj2, pj3) onfy inFig2,a=R, Y, G, B

0.5
pj= (ﬁgj + 53%]) distance from the achromatic origin to point j in Fig.2 to represent Cj

Eq0(H)  coordinates (>0) on fg of the Hue circle H, defined from the spectral curve in Fig.2

E:aj =Eq0H) x Pj principal hue components in chipj, a =R, Y, G, B 3)
R j’?ja G i ﬁj human assessments of principal hue components in chip j
R j’?j’ G i B i principal hue components in chip j predicted from Rj etc. or éRj etc.
Rj=op RjPR e, ()
or
ﬁjzaRiRjBR etc. &)

_ . 0.5
RMS = (N_IZ(R j— R j)zj etc.  root-mean-square of discrepancies, N = the number of

cases in which ﬁj > (0 and lij> 0
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Fig.3: Spectral curve and principal hue Fig.4: &, (H) on the Hue circle H defined

vectors in Fig.2. from the spectral curve in Fig.2

Values of £ (2) and Rj, Y;, Gj, Bj can be directly defined in Fig.2. For j and A in the
quadrant between fg and fp, these are positive (Fig.3). The curves £ (H) are shown in Fig.4.

These are coordinates of the intersection of spectral curve (the numbers represent A in nm) and the
central direction in each series of H-points in Fig.2 (Fig.3). To define £ ((5RP) efc., extrapolation

over the extra-spectrum region was necessary. The extrapolation was carried out both in Fig.2 and
in the £y (A) curves plotted against L. The extrapolation was easier in the latter than in the former.

The main purpose of this presentation is to relate the results of SVD to principal hue components
assessed by human observers, R j’?j’ G j» Ej, (Indow3’4’5 ). As in Indow’, the relationship is

assumed to be power functions. As the independent variable, we can think of either R;, etc., or ‘t-»Rj

etc. defined in Eq.(3), Eqgs.(4) or (5). Eq.(4) does not make use of the information in W. Eq.(1)
analyzes the information in s;,  the reflected light from Munsell chip j under D65, into two parts,
(Wuz, WM3) and (§j2, 5j3 ), in addition to Pland W1. The former is independent of Vi and Cj
and the latter modifies the former in accordance with Vj and Cj, Eq.(3). Both Egs.(4) and (5) were

fitted and gave similar results. If we take further steps to discuss about cone activities® or activities
in LGN caused by s;,, Eq.(5) will be more useful.

ar  Br RMS (RMS)

368 054 0.58 (0.88)
292 0352 068 (0.85)
257 051 068  (0.60)

216 054 069  (0.49)

ER; -
Fig.5. R P R jvs. ‘:Rj, plotted numbers represent Vj.
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Fig. 6. ?j ,SA(J' Vs. éyj’ plotted numbers represent Vj

Two examples are shown in Figs.5 and 6. The numbers plotted represent Vj. Parameter values and
RMS are given on the right side. The root-mean-square of scatter of points, RMS, is given with the
unit of R j etc. and hence it is comparable with RMS in Indow” in which R j etc. are plotted against

Cj. The value in the parentheses is RMS in this fit. Plots of Gj,Gj VS. éGj or Gj and Ej, éj VS. aBj
or Bj exhibit patterns more or less similar to Fig. 5. On the other hand, curves in plots,?j ,SA(J' Vs. E.~Yj

and ?j ,SA(j vs. Y; , exhibit a very different pattern (Fig.6). For Vi <7, points clutter in the left
corner and the fitted curves not necessarily represent their pattern. For Vj = 7 the curve is almost
linear, and for Vj > 7 they are accelerated. This pattern for yellow was not observed in the plot of ?j

vs. G in Indow’.  Except in Fig.5, values of RMS in the present plots tend to be of the same order of
magnitude or larger than those in Indow”.

SVD analysis of S gives Pand W that not only reproduce S but also give two kinds of
information, one yields the 3-D structure related to the Munsell solid and the other makes explicit the
effect of wavelength A, Eq (1). Their combination E’:ocj represents the perceived amount of principal

hue components a in Munsell chip j under D65.
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